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The flexoelectric effect is the coupling between strain, polarization, and their gradients, which are

prominent at the nanoscale. Although this effect is important to understand nanostructures, such as

domain walls in ferroelectrics, its electronic mechanism is not clear. In this work, we combined

phase-field simulations and first-principles calculations to study the 180� domain walls in tetrago-

nal ferroelectric PbTiO3 and found that the source of N�eel components is the gradient of the square

of spontaneous polarization. Electronic structural analysis reveals that there is a redistribution of

electronic charge density and potential around domain walls, which produces the electric field and

N�eel components. This work thus sheds light on the electronic mechanism of the flexoelectric

effect around 180� domain walls in tetragonal ferroelectrics. Published by AIP Publishing.
https://doi.org/10.1063/1.5017219

I. INTRODUCTION

Flexoelectricity describes the class of physical phenom-

ena where the strain (stress) gradient induces electric polariza-

tion (field) or the electric polarization (field) gradient results

in strain (stress). Recently, many studies investigated the

effect of flexoelectricity on materials’ properties, especially in

ferroelectrics.1–15 Abundant interfaces exist in ferroelectric

materials, such as domain walls (DWs) and morphotropic

phase boundaries (MPBs), which provide natural places where

gradients in polarization and/or strain (stress) arise. Thus, the

flexoelectric effect should be prominent at these interfaces.

Indeed, many interesting properties of ferroelectric DWs or

MPBs are found to be related to the flexoelectric effect. For

example, Catalan et al. found that there exists a strain distribu-

tion around the 90� DW near the substrate in PbTiO3 (PTO)

films, which causes polarization rotations through the flexo-

electric effect.3 The normally uncharged DWs in BiFeO3 and

Pb(Zr,Ti)O3 are found to be conductive,16,17 which may be

caused by the N�eel-type polarization components due to the

flexoelectric effect.18 The MPB between R-like and T-like

BiFeO3 shows many interesting properties, such as high pie-

zoelectric and magnetic responses19 and a large enhancement

in the anisotropic interfacial photocurrent,12 which may be

explained by considering the flexoelectric effect as well.20

180� DWs in tetragonal ferroelectrics are generally

1–2 nm thick, near which large polarization and strain gra-

dients exist. Thus, the flexoelectric effect is very important

to understand the structure of 180� DWs. The main feature

of a 180� DW is its tangential polarization profile: The

polarization vectors rapidly shrink their magnitudes near

DWs and reverse their directions upon crossing DW planes.

Accompanying such a polarization profile, there is also a

strain distribution due to the electrostrictive effect. This is

the classical Ising-type 180� DWs. Recent studies, however,

showed that the structures of 180� DWs are far more com-

plex. Besides the Ising-type components, other components

of Bloch- and N�eel-type could also exist around 180�

DWs.21–28 Phenomenological analysis and phase-field simu-

lations indicate that the flexoelectric effect should be taken

into account to understand the emergence of these non-Ising

characters.26–28 However, it is not clear how these compo-

nents actually emerge, especially at the electronic level.

In this paper, with the aim to understand the importance

of flexoelectricity on 180� DWs and its electronic mecha-

nisms, we first used phase-field simulations to study the

effects of flexoelectric coefficients on the structure of 180�

DWs and then used first-principles calculations to further

understand the electronic origin of the flexoelectric effect, tak-

ing the [100]-oriented 180� DW in PTO as an example. We

found that the source of N�eel components is the gradient of

the square of spontaneous polarization. Electronic structural

analysis reveals that a redistribution of electronic charge den-

sity and potential spontaneously emerges around DWs, which

produces the electric field between the DW region and the

bulk region and finally induces N�eel components.

II. CALCULATION METHODS

A. Phase-field model

3D phase-field models are developed to study the effect

of flexoelectricity on the polarization and strain characteris-

tics around DWs in tetragonal ferroelectrics. The order
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parameters are chosen as the three components of polariza-

tion vectors. The system energy is the functional of polariza-

tion and strain

F ¼ Fbulk þ Fgrad þ Felas þ Felec: (1)

The first term is the bulk energy or Landau-Devonshire

energy

Fbulk ¼ a1 P2
1 þ P2

2 þ P2
3

� �
þ a11 P4

1 þ P4
2 þ P4

3

� �

þa12 P2
1P2

2 þ P2
2P2

3 þ P2
3P2

1

� �
þ a111 P6

1 þ P6
2 þ P6

3

� �

þa112 P4
1 P2

2 þ P2
3

� �
þ P4

2 P2
3 þ P2

1

� �
þ P4

3 P2
1 þ P2

2

� �h i

þa123P2
1P2

2P2
3 ; (2)

which could be used to describe a first order ferroelectric

phase transition.

The second term is the gradient energy or Ginzburg

energy, whose contribution to the total system is reflected as

the DW energy

Fgrad ¼
1

2
G11ðP2

1;1 þ P2
2;2 þ P2

3;3Þ þ G12 P1;1P2;2ð

þP2;2P3;3 þ P3;3P1;1

�
þ 1

2
G44½ P1;2 þ P2;1ð Þ2

þ P2;3 þ P3;2ð Þ2 þ P3;1 þ P1;3ð Þ2� : (3)

The third term is the elastic energy

Felas ¼
1

2
Cijkleijekl ¼

1

2
Cijklðeij � eo

ij � ef
ijÞðekl � eo

kl � ef
klÞ;

(4)

where Cijkl is the elastic stiffness tensor and eij, eij, eo
ij, and ef

ij

are the elastic strain, the total strain, the electrostrictive strain,

and the flexoelectric strain. The electrostrictive and flexoelec-

tric strains can be calculated by the following equations:

eo
ij ¼ QijklPkPl; (5a)

ef
ij ¼ �FijklPk;l; (5b)

where Qijkl and Fijkl are the electrostrictive and flexoelectric

coefficients. In Eq. (4), we incorporate the electrostrictive

and flexoelectric effects into the elastic energy. As demon-

strated in the supplementary material, this expression is the

Legendre transformation of the corresponding terms in the

elastic Gibbs free energy.

The fourth term is the electrostatic energy

Felec ¼ �
1

2
Edep

i Pi; (6)

where Edep
i is the depolarization field.

By differentiating these energies with respect to the

polarization, we can get the forces to drive the evolution of

polarization. Among these forces, the mechanical driving

force must be handled carefully and the result is

� dFelas

dPi
¼ 2qijklPjekl þ fijklekl;j; (7)

where qijkl¼CijmnQmnkl and fijkl¼CijmnFmnkl are other types

of electrostrictive and flexoelectric coefficients. From this

expression, we can see that both the elastic strains and their

gradients contribute to the mechanical driving force. The der-

ivation can be found in the supplementary material. One term

in the elastic strain gradient is the second-order derivative of

the polarization, which will renormalize the gradient coeffi-

cient in Eq. (3). These renormalized gradient coefficients

depend on the sign and magnitude of flexoelectric coeffi-

cients. As demonstrated in the supplementary material, these

coefficients can be safely omitted in our study.

Since this mechanical driving force is effectively an elec-

tric field, the two terms in this equation can be considered as

the electrostriction-induced and flexoelectricity-induced elec-

tric fields. The key term in Eq. (7) is the elastic strain, which

can be obtained by solving the mechanical equilibrium equa-

tion [Eq. (8a)]. The depolarization field can be found by solv-

ing the Poisson’s equation [Eq. (8b)]. After all the driving

forces are found, the Ginzburg-Landau equation [Eq. (8c)]

can be solved to update the polarization vectors.

rij;j ¼ 0; (8a)

Di;i ¼ 0; (8b)

@Pi

@t
¼ �L

dF

dPi
; (8c)

where D is the electric displacement and L is the dynamical

parameter.

A grid of 4096� 2� 2 was used to simulate the 180�

DW model, where each grid point corresponds to 0.2 nm. The

normal of 180� DWs is parallel to the x direction. In the initial

structure, the polarizations of one half of grid points are set

along theþz direction while the other half along the –z direc-

tion. The three-dimensional periodic boundary condition is

applied and the fast Fourier transformation is adopted to solve

Eqs. (8a)–(8c). By solving the mechanical equilibrium equa-

tion, we found that r11, r12, r13, and r23 are all zero, while

r22 and r33 are non-zero close to DWs and approach to zero

away from DWs. Thus, our boundary condition is consistent

with the stress-free boundary condition (rijjx!61 ¼ 0). The

simulation was considered to be convergent when the aver-

aged polarization difference between two sequential simula-

tion steps is less than 1� 10�8. The material parameters of

PTO are adopted from the previous literature.29 The gradient

coefficients are chosen to make the DW width the same as the

first-principles result. All the coefficients are listed in Table I.

B. First-principles calculation details

The atomic relaxation and electronic structure calculation

were performed by Vienna ab-initio simulation package

(VASP).30,31 The energy cutoff was chosen as 550 eV, and the

local density approximation was used with the method of pro-

jector augmented-wave.32 The O 2s2p, Ti 3s3p3d4s, and Pb

5d6s6p electrons are treated as the valence electrons. The opti-

mized lattice constants a and c of PTO are 3.867 and 4.033 Å,

respectively, consistent with previous calculation results.21,22
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The 180� DW models were built by aligning several

oppositely oriented tetragonal unit cells along the x direction.

We chose Nx¼ 12, which is large enough to simulate the

domain structure of PTO, according to our previous study.33

These lattice parameters were fixed during the atomic relaxa-

tion to obtain the optimized 180� DW models. The k-point

mesh was chosen as 1� 6� 6. The ionic relaxation was con-

sidered as convergent when the Hellmann-Feynman (HF)

force on each ion is less than 2 meV/Å. The polarization of

each unit cell in the 180� DW model can be calculated by

the Born effective charge method.33,34

III. RESULTS AND DISCUSSION

A. The effect of flexoelectric coefficients

For materials with cubic symmetry, there are three non-

zero independent flexoelectric coefficients: f1111, f1122, and

f1212, which are abbreviated as f11, f12, and f44 (f44¼ 2f1212)

using the Voigt’s notation. We performed several testing cal-

culations by individually setting one of the three coefficients

as positive and negative values and keeping the other two

zero. Since the flexoelectric coefficients of PTO are

unknown, we chose them arbitrarily. The results are listed in

Table II. It is found that when the flexoelectric effect is not

taken into account, there are no induced N�eel components,

and when flexoelectric coefficients change sign, the direction

of N�eel components also changes. Only f11 and f12 contribute

to the formation of N�eel components, while f44 has no

effects. From Table II, it is found that the maximum N�eel

component induced by f11 is one order of magnitude smaller

than that induced by f12 when f11¼ f12. Considering that f11

is also one order of magnitude smaller than f12 for many

perovskite oxides,35 the main contribution can be ascribed to

f12. As shown in Sec. III B, the first-principles-calculated

N�eel component in the Ising-N�eel DW is tail-to-tail, which

indicates that f12 is negative for PTO. The polarization

distribution around the DW in the case of f12¼�10 (the nor-

malized value, equivalent to�0.26 V) is shown in Fig. 1.

The effect of f11 and f12 can be understood by the flexo-

electric field in the x direction

E1 ¼ f1jklekl;j ¼ f11e11;1 þ f12 e22;1 þ e33;1ð Þ: (9)

The elastic strain components read

e11 ¼ e11 � eo
11 � ef

11 ¼ e11 � Q11P2
1 � Q12P2

2 � Q12P2
3

þF11P1;1 þ F12P2;2 þ F12P3;3 � e11 � Q12P2
3;

(10a)

e22 ¼ e22 � eo
22 � ef

22 ¼ e22 � Q12P2
1 � Q11P2

2 � Q12P2
3

þF12P1;1 þ F11P2;2 þ F12P3;3 � e22 � Q12P2
3 ;

(10b)

e33 ¼ e33 � eo
33 � ef

33 ¼ e33 � Q12P2
1 � Q12P2

2 � Q11P2
3

þF12P1;1 þ F12P2;2 þ F11P3;3 � e33 � Q11P2
3:

(10c)

We have drawn the distributions of total strains and elas-

tic strains, as presented in Fig. 2. The distributions of stresses

are also shown in this figure. It is found that the total strains

e22 and e33 are constant and the variance of e11 is very small.

As a contrast, large gradients of elastic strains exist around

DWs. Inserting the formulae of elastic strain into Eq. (9), the

electric field in the x direction can be written as

E1 � � f11Q12 þ f12 Q11 þ Q12ð Þ½ � P2
3

� �
;1: (11)

This equation is consistent with the previous literature,28

which indicates that the omission of several terms in Eqs.

(10a)–(10c) is legitimate. According to the above analysis,

the term containing f11 could be further omitted. Since

TABLE I. Material parameters of PbTiO3.29

a1 ¼ �1.73 � 108 C�2�m2�N a11 ¼ �7.3 � 107 C�4�m6�N a12 ¼ 7.5 � 108 C�4�m6�N
a111 ¼ 2.6 � 108 C�6�m10�N a112 ¼ 6.1 � 108 C�6�m10�N a123 ¼ �3.7 � 109 C�6�m10�N
G11 ¼ 4.8 � 10�11 C�2�m4�N G12 ¼ �4.8 � 10�11 C�2�m4�N G44 ¼ 4.8 � 10�11 C�2�m4�N
C11 ¼ 1.75 � 1011 N�m�2 C12 ¼ 7.94 � 1010 N�m�2 C44 ¼ 1.11 � 1011 N�m�2

Q11 ¼ 0.089 C�2�m4 Q12 ¼ �0.026 C�2�m4 Q44 ¼ 0.034 C�2�m4

a0 ¼ 1.73 � 108 C�2�m2�N G110 ¼ 6.9 � 10�12 C�2�m4�N P0 ¼ 0.76 C�m�2

TABLE II. Maximal N�eel-type polarizations and the nature of the induced

N�eel polarization profile at different combinations of flexoelectric coeffi-

cients obtained from phase-field simulations.

Flexoelectric coefficients

(normalized value)

Max. N�eel

component (unit: Ps)

N�eel

polarization profile

f11 ¼ f12 ¼ f44 ¼ 0 0 -

f11 ¼ þ10; f12 ¼ f44 ¼ 0 6.4 � 10�3 Tail-to-tail

f11 ¼ �10; f12 ¼ f44 ¼ 0 Head-to-head

f12 ¼ þ10; f11 ¼ f44 ¼ 0 1.4 � 10�2 Head-to-head

f12 ¼ �10; f11 ¼ f44 ¼ 0 Tail-to-tail

f44 ¼ 610; f11 ¼ f12 ¼ 0 0 - FIG. 1. The polarization profiles around a 180� DW in PTO obtained from

the phase-field simulation with f12¼�10. Ps is 0.76 C/m2.
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Q11þQ12 is positive29 and f12 is negative for PTO, Eq. (11)

can be written as

E1 ¼ A P2
3

� �
;1; (12)

where A is a positive number.

In Fig. 3, the flexoelectric field and the depolarization field

are plotted. The distribution of the flexoelectric field depends

on the sign of the flexoelectric coefficients. In our studied case,

f12 is negative. As a result, the flexoelectric field forms a tail-

to-tail distribution, while the depolarization field forms a head-

to-head distribution. The flexoelectric field is much stronger

than the depolarization field. The final distribution of N�eel

components is the competition result of the flexoelectric and

depolarization fields, also a tail-to-tail distribution.

B. Electronic structural analysis of flexoelectricity
at 180� domain walls

To understand the flexoelectric effect around 180� DWs

more deeply, first-principles calculations were performed. For

ferroelectric PTO, it is predicted by first-principles calculations

that large Bloch components comparable to Ising ones could

develop at [100]-oriented 180� DWs, resulting in a ferroelec-

tric transition at ferroelectric DWs.33,36 Both Ising and Bloch

polarization profiles may induce N�eel components through the

flexoelectric effect. Indeed, our previous study showed that the

optimized (realistic) [100]-oriented 180� DW model is the

Ising-Bloch-N�eel (IBN) one.33 However, phase-field simula-

tions only predict the Ising-N�eel (IN) character for [100]-ori-

ented 180� DWs (see Sec. III A and Ref. 28). To make a

comparison between phase-field and first-principles results, in

this section, we first considered the artificial IN model, which

is obtained by removing Bloch components in the IBN model.

In Sec. III C, we further studied the realistic IBN model and

another artificial model [the Bloch-N�eel (BN) model], which is

obtained by removing Ising components in the IBN model.

Comparing the results of the artificial IN and BN models from

those of the realistic IBN model could help us to understand

the individual effect of Ising and Bloch polarization profiles on

the induction of N�eel components. Constrained relaxations

were performed for the IN and BN models: Atoms are only

allowed to move in the x direction.

Figure 4(a) gives the polarization distributions of Ising and

N�eel components in the IN model. The tail-to-tail distribution of

N�eel components is obtained and the peak value (0.57lC/cm2)

is 0.7% of the bulk polarization (86.3lC/cm2). If we assume

that only f12 contributes to the N�eel components, we can esti-

mate the magnitude of f12 by fitting the phase-field result with

the first-principles one. The fitting result of f12 is about�0.13 V.

The tail-to-tail distribution of N�eel components means that there

exists a bound charge around the 180� DW. The bound charge

can be calculated according to the formula: qbound¼�$�P, fol-

lowing the method of Li et al.37 Fig. 4(b) gives the bound charge

distribution of the DW model. It can be found that there exists a

negatively charged region at the center of a DW and two posi-

tively charged regions nearby. The extreme values of negative

and positive charges are about�3.0� 107 C/m3 and

1.6� 107 C/m3, respectively. They are about one order of mag-

nitude larger than those around the 180� DW in BaTiO3.
37 The

reason may be that PbTiO3 has larger spontaneous polarization

and the induced N�eel components are also larger.

To uncover the ultimate source of N�eel components at

the electronic level, we artificially removed ferroelectric dis-

placements in the x direction (N�eel), while kept those in the z
direction (Ising). Then, the unit-cell-averaged electron charge

FIG. 2. The distributions of total strain, elastic strain, and stress around a

180� DW in PTO obtained from the phase-field simulation with f12¼�10.

FIG. 3. The profiles of flexoelectric and depolarization fields around a 180�

DW in PTO obtained from the phase-field simulation with f12¼�10.

224101-4 Wang et al. J. Appl. Phys. 122, 224101 (2017)



density and potential distributions along the x direction are

calculated according to the method used in Ref. 34, as shown

in Fig. 5. The distribution of the electric field component in

the x direction is also shown by differentiating the potential

with the x coordinate. From Fig. 5(a), we can see that there is

an accumulation zone of positive charge localized in about

one unit cell at the DW and two negative charged zones at

both sides. The magnitudes of negative and positive charges

in Fig. 5(a) are about�2.0� 107 C/m3 and 1.2� 107 C/m3,

respectively, whose absolute values are in the same order of

magnitude as the bound charges in Fig. 4(b). Due to the

charge separation, a potential difference is built between the

DW and the bulk region, as shown in Fig. 5(b). This potential

difference will generate a tail-to-tail electric field distribution

[Fig. 5(c)] and induce a tail-to-tail P1 distribution. The maxi-

mal electric field could reach 3� 108 V/m.

The result that there is a positive charge accumulation at

Ising DWs seems to contradict the common knowledge that

Ising DWs should be non-conductive. Actually, the charge

density is obtained by fixing the atomic coordinates and

doing the electronic optimization for the Ising DW model.

As a result, there are no ionic polarizations in the x direction,

while the electronic polarizations exist. Thus, the develop-

ment of Neel components can be considered as a two-step

process: First, electron redistribution spontaneously emerges

in the Ising DW and a potential difference is built between

the DW region and the bulk region; Second, ionic displace-

ments normal to the DW are induced by this potential differ-

ence, resulting in N�eel components.

Comparing Fig. 4(b) with Fig. 5(a), we can find that the

two charge distributions show opposite trends. This observa-

tion could help us to understand the emergence of N�eel com-

ponents from another aspect: The gradient of the square of

Ising components produces a nonuniformly distributed elas-

tic strain (stress). As a result, a nonuniformly distributed

charge density forms [Fig. 5(a)]. To compensate this charge

density, N�eel components develop with oppositely distrib-

uted bound charge [Fig. 4(b)].

C. The competition of Ising and Bloch components
on the induction of N�eel components

In Sec. III B, we considered the IN model, where N�eel

components are only induced by Ising components. In this

section, we further considered the case that N�eel components

are only induced by Bloch components (the BN model) and

the realistic case that N�eel components are the combined

result of both Ising and Bloch components (the IBN model).

Figures 6(a)–6(c) give the first-principles results of the BN

model. It is found that head-to-head N�eel components are

induced, as shown in Fig. 6(a). In contrast, tail-to-tail N�eel com-

ponents are induced in the IN model, as shown in Fig. 4(a).

FIG. 4. (a) The polarization profiles around 180� DWs for the IN model

obtained from first-principles calculations. (b) The bound charge distribution

calculated from the N�eel polarization distribution.

FIG. 5. The distribution of averaged charge density (a), potential (b) and

electric field in the x direction (c) around 180� DWs for the IN model

obtained from first-principles calculations.

224101-5 Wang et al. J. Appl. Phys. 122, 224101 (2017)



Following the same technique of Fig. 5, the N�eel components

are removed in the BN model and the unit-cell-averaged charge

density and potential profiles are calculated, as shown in Figs.

6(b) and 6(c). It is found that DWs are the accumulation zones

of negative charge and the potential valleys. Thus, head-to-head

electric field and N�eel polarization distributions are induced.

Figures 6(d)–6(f) give the first-principles results of the IBN

model, where the induced N�eel components adopt a tail-to-tail

distribution [Fig. 6(d)], the same as the IN model. However, the

magnitudes of N�eel components are largely reduced compared

with the IN model (peak values: 0.21 vs 0.57lC/cm2). From the

corresponding profiles of charge density and potential shown in

Figs. 6(e) and 6(f), it is found that DWs are the accumulation

zones of positive charge and potential peaks.

Comparing the results of the three models, it is found

that there exists a one-to-one relationship between the charge

and potential distribution of the N�eel-free DWs and the

nature of the induced N�eel polarization profile, as shown in

Table III. These results provide more convincing evidence to

the electronic origin of the flexoelectric effect at 180� DWs.

We can also understand the three models phenomeno-

logically. The IN model has been studied in Sec. III A and

the conclusion is that N�eel components are induced by the

gradient of the square of Ising components, as shown in Eq.

(12). Following the same deduction from Eqs. (9) to (12), we

can obtain two similar equations for the BN and IBN models

E1 � A P2
2

� �
;1; (13a)

E1 � A P2
2 þ P2

3

� �
;1; (13b)

where the coefficient A is the same positive number as the

one in Eq. (12).

The distributions of P2
2, P2

3, P2
2 þ P2

3, and their gradients

are shown in Fig. 7. It is found that P2
2 shows peaks at DWs,

while both P2
3 and P2

2 þ P2
3 show valleys at DWs. As a result,

the gradient of P2
2 is head-to-head, while the gradients of P2

3

and P2
2 þ P2

3 are tail-to-tail. That is the reason why head-to-

head N�eel component distribution is observed in the BN

model and tail-to-tail N�eel component distribution in the IN

and IBN models.

IV. CONCLUSIONS

In this work, we used phase-field simulations to study

the effect of different flexoelectric coefficients on the distri-

bution of N�eel components around 180� DWs in tetragonal

ferroelectric PTO and further used first-principles

FIG. 6. The profiles of polarization,

averaged charge density, and potential

for the BN (left panel) and IBN (right

panel) models obtained from first-

principles calculations. The distribu-

tions of Ising, Bloch, and N�eel compo-

nents in the realistic IBN model are

schematically shown as an inset in (d).

TABLE III. The relationship between the charge and potential distribution

of the N�eel-free DWs and the nature of the induced N�eel polarization profile

in the three models.

Model Charge at DWs Potential at DWs N�eel polarization profile

IN Positive Peak Tail-to-tail

BN Negative Valley Head-to-head

IBN Positive Peak Tail-to-tail
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calculations to explore the electronic origin of the flexoelec-

tric effect. The main conclusions are listed as follows:

1. The driving force of N�eel components comes from the flexo-

electric coefficient f11 and f12 and the source of N�eel compo-

nents is the gradient of the square of spontaneous polarization.

2. Electronic structural analysis reveals that an accumulation

zone of positive charge spontaneously emerges around

the Ising type 180� DWs, which results in the potential

difference, tail-to-tail electric field and N�eel components.

3. The contributions of Ising and Bloch components in the

[100]-oriented 180� DWs in PTO on the formation of

N�eel components are opposite and the competition result

is also a tail-to-tail distribution of N�eel components with

reduced magnitudes, compared with Ising-N�eel DWs.

SUPPLEMENTARY MATERIAL

See supplementary material for the deduction of Eqs. (4)

and (7) and the discussion about the renormalized gradient

coefficients.
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