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P H Y S I C S

Atomic mapping of periodic dipole waves 
in ferroelectric oxide
Feng-Hui Gong1,2†, Yun-Long Tang1†, Yin-Lian Zhu1,3*, Heng Zhang1,2, Yu-Jia Wang1,  
Yu-Ting Chen1,2, Yan-Peng Feng3,4, Min-Jie Zou3,4, Bo Wu3, Wan-Rong Geng3,4,  
Yi Cao1,2, Xiu-Liang Ma1,5*

A dipole wave is composed of head-to-tail connected electric dipoles in the form of sine function. Potential appli-
cations in information carrying, transporting, and processing are expected, and logic circuits based on nonlinear 
wave interaction are promising for dipole waves. Although similar spin waves are well known in ferromagnetic 
materials for their roles in some physical essence, electric dipole wave behavior and even its existence in ferroelec-
tric materials are still elusive. Here, we observe the atomic morphology of large-scale dipole waves in PbTiO3/Sr-
TiO3 superlattice mediated by tensile epitaxial strains on scandate substrates. The dipole waves can be expressed 
in the formula of y = Asin (2x/L) + y0, where the wave amplitude (A) and wavelength (L) correspond to 1.5 and 6.6 
nm, respectively. This study suggests that by engineering strain at the nanoscale, it should be possible to fabri-
cate unknown polar textures, which could facilitate the development of nanoscale ferroelectric devices.

INTRODUCTION
A ferroelectric features an asymmetry in charge that is switchable by 
an applied electric field. Likewise, a ferromagnet has an asymmetry 
in spin that can be reoriented by an external magnetic field (1). De-
spite the fundamental differences between ferroelectrics and ferro-
magnets, the topological domains in these two ferroic materials 
are quite analogous. With the recent development of aberration- 
corrected transmission electron microscopy (TEM), the topological 
domains that are well known in ferromagnets have been directly 
visualized at the atomic scale in ferroelectrics, such as flux closures 
(2, 3), vortices (4–7), skyrmions (8), center-type domains (9, 10), 
and merons (11).

In the studies of relationship between low temperature–specific 
heat (Cυ) and temperature (T) in ferromagnetic materials, a classic 
equation of Cυ = T3/2 + T3 was established (12–15), where the 
term of T3/2 is known to result from the contribution of spin wave. 
Experimentally, more and more investigations indicate that the 
above equation is also suitable for ferroelectric materials (16–23). 
Nevertheless, the physical insight of the term T3/2 for ferroelectric 
materials is not clarified, although, theoretically, Gonzalo et al. 
(24–26) applied a spin wave–like dispersion relation model and 
proposed that the term of T3/2 might be associated with electric 
dipole waves.

The spin waves in ferromagnetic materials are thus well understood, 
but similar electric dipole wave behavior and even its existence in ferro-
electrics are unclear so far. Although electric dipole waves are theoreti-
cally explored in low-temperature ultrathin lead-zirconate-titanate 

films (27), direct observations only show a transition state under 
electric fields (28,  29) or locally occur in an irregular manner in 
ferroelectric films (30).

In this study, we have grown PbTiO3/SrTiO3 (PTO/STO) super-
lattices under variant tensile strains (fig. S1) by using pulsed laser 
deposition (PLD). After the deposition, the as-grown superlattice films 
were quenched rapidly by lifting the heating coil. Using aberration- 
corrected high-angle annular dark-field (HAADF) Z-contrast scanning 
TEM (STEM) imaging, we visualize, at the atomic scale, the existence 
of periodic electric dipole waves, which is further rationalized by 
phase-field simulations.

RESULTS AND DISCUSSION
Generally, PTO is paraelectric and has a simple cubic crystal struc-
ture above Curie temperature (Tc ~ 765 K), which is governed by 
short-range repulsions. It undergoes paraelectric-ferroelectric phase 
transition and becomes a polar tetragonal lattice determined by 
long-range Coulomb forces (Fig. 1A) below Tc. The tetragonal PTO 
unit cell involves considerable displacements of Pb2+ and Ti4+ cat-
ions relative to O2− anions, leading to a separation of the positive 
and negative charge centers in each unit cell, and thus, an electric 
dipole forms. A projected atomic configurations and spontaneous 
polarization (Ps) are marked in Fig. 1 (B and C), respectively. The 
shifts of Ti4+ (Ti) can be used to determine the polarizations of 
PTO unit cells, whose direction is opposite to Ps(Fig. 1C).

A low-magnification cross-sectional HAADF-STEM image of 
the tensile strained PTO/STO superlattice grown on GdScO3 (001)pc 
(where “pc” refers to “pseudo-cubic”, detailed in table S1) sub-
strate confirms that all the PTO/STO and the PTO/GdScO3 inter-
faces are sharp and coherent (Fig.  1D). Note that periodically 
arranged, subtle darker and brighter contrast exists in each PTO 
layer, suggesting that possible polar structures may emerge regularly 
in these PTO layers. To get a more general glance of the quality of 
the PTO/STO superlattice, film scale symmetric Bragg scans (Fig. 1E) 
were performed, where the smooth surface and the high quality of 
superlattice are further confirmed.
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A hidden periodic structure is revealed by the fast Fourier trans-
form (FFT; Fig.  1F) pattern of Fig.  1D. Here, the period of this 
structure is ~6.6 nm along the in-plane direction, and the thickness 
of a single PTO/STO superlattice period is about ~6 nm. Further, 

lattice Y extracted from an atomic scale–resolved HAADF-STEM 
image (fig. S2) is shown in Fig. 1G, where a wave-like, hidden peri-
odic structure can be identified (detailed in Materials and Meth-
ods). Unit cells with larger lattice Y (in green) in PTO layers form 

Fig. 1. Structural characterization of [(PbTiO3)7/(SrTiO3)7]6 superlattices. (A) Schematic of unit cell of tetragonal PTO (yellow, Pb; blue, Ti; and red, O). (B) Projection of 
the unit cell along the [010] direction. The displacement of Ti4+ is marked by Ti, and the displacement of O2− is marked by O. (C) HAADF-STEM image of the PTO/STO 
superlattices along the [010]pc. (D) Low-magnification STEM image of the PTO/STO superlattices, together with a schematic illustration of the superlattices structure 
(green, Sr; gray- and cyan-shaded regions surrounding Ti atoms show oxygen octahedra). (E) High-resolution -2 symmetric scan of the PTO/STO superlattices showing 
the presence of Pendellösung fringes. (F) The fast Fourier transform (FFT) pattern for (D). (G and H) Out-of-plane lattice spacing map and shift X extracted from HAADF-
STEM images, respectively.
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periodic sinusoidal wave-shaped arrays here. The shift X (in-plane 
component of Ti) shown in Fig. 1H also displays a sinusoidal wave 
shape like that of the lattice Y (details for extracting the lattice and 
Ti can be found in Materials and Methods). It should be empha-
sized here that the maximum values of shift X just appear at the 
peaks and valleys of the wave-shaped distributions, which is also a 
feature of wave-like polar structure. These details imply that a pos-
sible periodic polar structure should exist in these PTO layers.

To reveal the polar structures in the PTO layers here, two- 
dimensional (2D) Ti-based polar mapping analysis is performed for 
the atomically resolved HAADF-STEM images (Fig. 2). One PTO 
layer with two adjacent STO layers is displayed in Fig. 2A. The po-
sitions of Pb2+ and Ti4+ columns are depicted by yellow and blue 
circles, respectively. Directions of polarizations determined by -Ti 
are indicated by yellow arrows. It is seen that the polarizations ro-
tate continuously and feature periodically from right to upper right, 
right, lower right, and then back to right again, forming a perfect 
periodic wave. In addition, nearly zero polarization outside the 
wave line is observed, and there is no obvious domain wall. All the 
above results suggest that an electric dipole wave is formed through-
out the PTO layer.

More general details are revealed for this PTO/STO superlattice 
to further confirm the dipole wave and possible wave arrays. Polar 
mapping for the larger area HAADF-STEM image (fig. S2) reveals 
not only the existence of such polar waves but also the formation of 
arrays of this electric dipole wave (Fig. 2B, in blue). The neglectable 
Ti4+ displacement in the STO layer indicates the effectiveness and 
reliability of the polar mappings. The out-of-plane period of the 

superlattice and in-plane period of the electric dipole waves ob-
tained by Fig.  2B are consistent with the FFT pattern (Fig.  1F), 
which indicates that the in-plane modulation displayed in Fig. 1F is 
a kind of periodic polar structure. Further, enlarged polar mappings 
for the green and red boxed areas (Fig. 2, C and D) reveal continu-
ous polarization rotation at the peak and valley areas, indicating the 
existence of such electric dipole waves (as schematized in Fig. 2E). 
We have further applied annular bright field (ABF) imaging, which 
is more sensitive for recording O atom columns (Fig. 3A; the direct 
ABF-STEM image corresponding to Fig. 3A was shown in fig. S3). 
Corresponding superposition of Ti and O vector maps with the 
experimental image (Fig. 3, B and C) reveal electric dipole waves, 
which are consistent with the HAADF images (Fig. 2).

In addition, quantitative statistical analysis corroborates period-
ic order parameter variation in these polar structures, which is con-
sistent with the wave characteristic in these electric dipole waves 
(Fig. 4). Figure 4A shows the polarization mapping of electric di-
pole wave in the first PTO layer (Fig. 2B). First, we have extracted 
the out-of-plane component of Ti for all the seven layers of PTO 
unit cells (circles in Fig. 4B and fig. S4). Clear periodic characters 
like sinusoidal distributions can be identified. To get further insight 
of the Ti distributions, we have fitted these Ti4+ displacements in 
each PTO layer (black curves in Fig. 4B and fig. S4). Here, the sinu-
soidal function equation fitted for the center layer of PTO unit cells 
(fourth layer of the PTO unit cells, yellow solid box labeled 4  in 
Fig. 4A) is y = 25.44*sin[2(x − 0.91)/6.64] + 0.64, where the wave 
amplitude and wavelength are 25.44 pm and 6.64 nm, respectively 
(detailed in the Supplementary Materials). More generally, it is 

Fig. 2. Superposition of atomically resolved HAADF-STEM images and Ti4+ displacement vector maps showing the periodic array of electric dipole waves. 
(A) Atomically resolved HAADF-STEM image corresponding to the areas of several wavelengths of electric dipole waves. The yellow and blue circles denote the position 
of Pb2+ and Ti4+ columns, respectively. (B) Cross-sectional HAADF-STEM image with a superposition of the polar displacement vectors (Ps, indicated by yellow arrows) for 
the PTO/STO superlattices, showing that periodic array of electric dipole waves present in each PTO layer. (C) A magnified image of one peak of electric dipole waves from 
the green dotted box area in (B) showing the full density of data points for each atom and the continuous rotation of the polarization state within such electric dipole 
waves. (D) A magnified image of a single valley of electric dipole waves from the red dotted box area in (B). The colors of arrows indicate angles between the direction of 
polarization and the horizontal direction. (E) Schematic of one cycle of electric dipole waves.
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found that the sinusoidal function of each PTO layer of unit cells 
can be described as the same equation as y = A*sin[2(x − ∆)/L] + y0, 
where A is the wave amplitude and L is the wavelength (Fig. 4 and 
fig. S4). The wavelength of wave for all PTO unit cell layers is almost 
constant (~6.6 nm).

We have performed phase-field simulations to understand the 
effect of superlattice periods and epitaxial strains on the formation 
of electric dipole waves. The phase-field model of (PTO)n/(STO)n 
(n represents the superlattice period) contains two PTO layers and 
two STO layers that are alternatively arranged on corresponding 
substrates (detailed in Materials and Methods).

A series of polar wave models with different periods were con-
structed in phase-field simulations. The calculated total energy den-
sity versus the period for (PTO)9/(STO)9 at  = 1.3% is shown in fig. 
S5. In the fitting curve, it is found that the optimal period is about 
7 nm. Figure 4C shows the Pz component in the lower PTO layer of 
the model with the lowest total energy density. The data are also 
fitted using the same sinusoidal function as Fig. 4B, and the fitting 
result is Pz = 0.83P0*sin[2(x − 0.91)/6.68], in which the polariza-
tion amplitude is 0.83P0 (P0 = 75.7 C/cm2), and the wavelength is 
6.68 nm (red curves in Fig. 4C). These results are well consistent 
with the experimental observation. Thus, the wave characteristic of 
these polar wave structures is established.

To explore the universality of electric dipole waves and confirm 
that rapid quenching is a suitable condition for stabilizing these po-
lar structures, we have further grown PTO/STO superlattices on 
DyScO3, SmScO3, and NdScO3 substrates (lattice mismatches with 
PTO are 1.36, 2.15, and 2.64%, calculation method is shown in table 
S2) using the same conditions as the superlattice grown on GdScO3. 
Diffraction contrast images show that there are similar large-scale 
periodic structures in all of these superlattices (fig. S6). Polarization 
mappings (Fig. 5, A to D) corresponding to their high-resolution 
HAADF-STEM images (fig. S7) indicate that these periodic polar 
structures are the electric dipole waves, which are stabilized at room 
temperature by quenching. In particular, by comparing the mappings 
in Fig. 5 (A to D), it is found that there is a negligible change in the 
periods of these electric dipole waves under different strain conditions. 
In addition, the electric dipole waves are all stabilized in the form of 
arrays (figs. S8 to S11) rather than in a single layer of PTO, which fur-
ther confirms the generality of these electric dipole wave structures.

A typical polarization map based on the phase-field simulation 
of (PTO)n/(STO)n at the strain state of ~1.5% with n = 10 is shown 
in Fig. 5E. The continuous polarization rotation of the electric di-
pole waves is highlighted by the green solid line, which is in good 
agreement with the experimental results. To understand the effect 
of superlattice period and epitaxial strain on the formation of elec-
tric dipole waves, the strain-thickness phase diagram is constructed, 
as shown in Fig. 5F. Various phase regions are marked by different 
symbols and colors. We chose the simulation results on the DyScO3 
substrate (average strain, ≈1.28%, labeled by a red arrow in Fig. 5F) 

Fig. 3. ABF imaging of the dipole wave. (A) An annular bright field (ABF)–STEM image of the PTO/STO superlattice grown on NdScO3 substrate (red circle, O atom col-
umn). Here, the image contrast was inverted to ease visual inspection. (B) Superposition of the reversed Ti and O vectors with the experimental image (A). (C) Superpo-
sition of the reversed O vectors with the experimental image (A).

Fig. 4. Sinusoidal polar distributions extracted from the periodic array of elec-
tric dipole waves. (A) Periodic electric dipole wave in one PTO layer between two 
adjacent STO layers from Fig. 2B. According to the direction of the red arrow, the 
unit cells in one PTO layer are divided into seven independent layers, as shown by 
the Arabic numbers 1 to 7 in the yellow solid line boxes. (B) Ion displacement (z, 
pm) and polarization value (Pz, C/cm2) in out-of-plane direction as a function of 
horizontal distance and corresponding sinusoidal function fitting. The sinusoidal 
relationship of the polar structures here can be seen clearly in the fourth unit cell 
layer. (C) The Pz component of polarization in the middle unit cell layer of a PTO 
layer and the sinusoidal fitting equation calculated from phase-field simulations.
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to show the evolution of domain structure with the superlattice 
period, because the four phase regions on this substrate cover all 
representative domain structures. Typical a1/a2 domains are ener-
getically favorable at small period (n ≤ 5), as shown in fig. S12 (a 
and b). With increasing periods from n = 6 to n = 8, the coexisting 
phase of a1/a2 and vortex is predicted, in which tube-like vortex ar-
rays interweave with a1/a2 domains are shown in fig. S12 (c and d). 
After reaching a critical period, the domain structure evolves from 
the vortex (n = 9) to the electric dipole wave (n = 10 ~ 11). The 3D 
structure of electric dipole waves in fig. S12e shows periodic long 
stripes along the [010]pc direction and wave-like continuous polar-
ization rotation along the [100]pc direction (fig. S12f), which is 

consistent with the experimental result. Last, the electric dipole 
wave transforms to flux-closure domains at larger period (n ≥ 12; 
fig. S12, g and h). For the GdScO3 substrate, the strain state (average 
strain ≈ 1.77%, labeled by a red arrow in Fig. 5F) is very close to the 
phase region of mixed a1/a2 domains and electric dipole waves. 
Considering that the domain structures obtained by quenching in 
experiment are possibly metastable, it is thus reasonable to observe 
electric dipole waves in films grown on this substrate. For the 
SmScO3 and NdScO3 cases, the strain in these superlattice films can 
be partially released by the interface dislocations, which may allow the 
emergence of the electric dipole waves. Figure 6 shows the polariza-
tion vector maps of (PTO)10/(STO)10 at different strain states. Here, 

Fig. 5. Electric dipole waves under different tensile strain conditions and strain-period phase diagram of (PTO)n/(STO)n superlattice obtained by phase-field 
simulations. (A to D) Electric dipole waves in PTO/STO superlattices grown the DyScO3, GdScO3, SmScO3, and NdScO3 orthogonal substrates under different tensile strain 
conditions (1.36, 1.72, 2.15, and 2.64%). The colors of the arrows show angles between the direction of polarization and the horizontal direction. (E) The polarization dis-
tribution of a PTO layer at medium period (n = 10) at the strain state of ~1.5%, as predicted by phase-field simulations. The ordered electric dipole wave arrays are high-
lighted by the green solid line. (F) Phase diagram of (PTO)n/(STO)n superlattice as a function of superlattice period n and substrate strain, obtained from phase-field 
simulations. The strain positions of scandate substrate are labeled by red arrows.
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it is clear that as the substrate strain increases, vortices evolve into 
waves and the wave-like polarization configurations become more 
and more obvious, which may indicate that larger tensile strains are 
more suitable for the formation of electric dipole waves.

The conditions of stabilizing such electric dipole wave arrays at 
room temperature and the reason why thermodynamics-based 
quenching treatment has a substantial effect on these polarization 
states are of interest. Compared with thermodynamic equilibrium, 
nonequilibrium kinetic plays an important role in stabilizing some 
metastable states. For example, fast cooling treatment can create 
charged domain walls in ferroelectric films (31), which are general-
ly unstable because of their high free energy. In addition, ultrafast 
laser can stabilize supercrystal phase converted by common ferro-
electric superlattice (32), which is generally inaccessible. As a com-
parison, the (PTO7/STO7)6 superlattice without quenching shows 
the polar vortex array as observed previously (fig. S13) (4). Our re-
sults show that the nonequilibrium quenching, in addition to the 
external tensile strains rationalized by the phase-field simulations, 
may also help to stabilize the room-temperature periodic dipole 
waves (figs. S8 to S11) in ferroelectric superlattices.

Our results indicate that the periodic array of electric dipole 
waves can be artificially stabilized by engineering strains. The di-
pole wave is universal at room temperature in the ferroelectric ox-
ide, which is analogous to the spin wave in ferromagnetic materials. 
The strategy that is based on dynamic nonequilibrium process ex-
pands the research ideas in the field of ferroelectricity, which might 
create more previously unknown phenomena. The present study 
provides a physical spectrum of electric dipole waves, which may 
contribute to further theoretical and dynamic explorations on the 

topological structures in ferroelectric thin films. The controlled growth 
of electric dipole waves realizes a great step toward the development 
of ferroelectric nanoscale devices.

MATERIALS AND METHODS
Materials
We have grown a series of superlattices samples under different ten-
sile strain conditions

   

 DyScO  3   /  [ ( PbTiO  3  )  7   /  ( SrTiO  3  )  7  ]  6  

     GdScO  3   /  [ ( PbTiO  3  )  7   /  ( SrTiO  3  )  7  ]  6      
 SmScO  3   /  [ ( PbTiO  3  )  7   /  ( SrTiO  3  )  7  ]  6  

    

 NdScO  3   /  [ ( PbTiO  3  )  7   /  ( SrTiO  3  )  7  ]  6  

    

The main experiments were completed using PTO/STO superlattice 
samples deposited on GdScO3 substrates in Fig. 1, 2, and 4. These 
rare-earth scandates have an orthogonal structure, which can be 
analyzed as a pseudo-cubic structure. Table S1 shows the corre-
sponding crystallographic orientation between orthogonal and 
pseudo-cubic structure. These substrates cause superlattices to be 
subjected to different tensile strains.

Methods
Superlattices growth using PLD
The superlattice were deposited on DyScO3(110), GdScO3(110), 
SmScO3(110), and NdScO3(110) orthorhombic substrates using the 
Coherent COMPex Pro 201 F KrF excimer laser with  = 248 nm. 
The orthogonal substrate was ultrasonically cleaned in acetone. The 
PTO target is 3 mole percent of Pb-enriched sintered ceramics. The 
STO target is sintered ceramics with standard stoichiometric ratio. 
Before deposition, the charge and discharge process was repeated 
three times to make the gas pure and even in the cavity. Substrates 
were heated up to 750°C holding for 5 min to clean the surface of 
substrate and then kept at 700°C to grow superlattices. During the 
process of growing the PTO/STO superlattices, laser energy of 370 mJ, 
oxygen pressure of 75 mtorr, and a repetition rate of 4 Hz were 
used. Following the growth process, an annealing at 700°C in an 
oxygen pressure of 200 torr for 5 min was performed. Then, the heat-
ing coil was lifted quickly to be apart from the substrate for quench-
ing, which is for rapid cooling resulting in dynamic nonequilibrium.
Symmetric X-ray diffraction scans
A PANalytical X’Pert Pro x-ray diffractometer with a copper source 
was used to characterize the superlattice. Symmetric x-ray diffrac-
tion scan with appropriate angle range was adopted to reveal the 
structural order in the out-of-plane direction. The x-ray wavelength 
from the copper source was 1.54059 Å.
TEM and aberration-corrected STEM characterization
Cross-sectional samples for the TEM and STEM observations were 
prepared by slicing, grinding, dimpling, and, finally, ion milling by 
using Gatan Precision Ion Polishing System 691 and 695. In the 
initial stage of ion milling, the voltage was set to 5 kV, and the ion 
beam incident angle was 8°. The voltage and incident angle were 
gradually reduced to 3.5 kV and 5°, respectively, taking 10 min as a 
step until the appearance of colored stripes. The final ion-milling 
voltage was 0.5 kV (691) and 0.1 kV (695) to reduce amorphous 
layer causing by ion-beam damage. Diffraction contrast TEM images 
and selected area electron diffraction patterns were acquired by 
using a Tecnai G2 F30 transmission electron microscope (FEI). 

Fig. 6. The evolution of polar structures in PTO layers of the (PTO)10/(STO)10 
superlattice versus strains by phase-field simulations. Tensile strains will 
promote wave-like polarization configurations, as can be seen from (A to E). Scale 
bars, 5 nm.
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HAADF-STEM images were obtained using a Titan G2 60-300 
microscope with a high-brightness field-emission gun and double 
aberration (Cs) correctors from CEOS working at 300 kV. The res-
olution of the STEM is 0.8 Å. Each of the HAADF-STEM images is 
obtained by superimposing 20 original images collected in a very 
short period of time from the same area. The purpose is to reduce 
the influence of scanning noise and random sample drift. This 
operation is achieved by Velox software (FEI). This process facili-
tates the study of the complex polar structures involving electric 
dipole wave in the present study. All atomic-scale HAADF-STEM 
images have been drift corrected and filtered.
Peak finding
All HAADF-STEM images in the paper were processed by center- 
circle filtering and adjusting brightness and contrast. We already 
know that the intensity of the atomic column is proportional to 
the square of the atomic number. The Pb2+ columns appear as the 
brightest dots comparing to the brightness of Ti4+ columns in the 
HAADF-STEM images. To determine the direction of Ti4+ dis-
placement and the direction of polarization, the position of each 
atomic column was extracted by 2D Gaussian fitting using MATLAB 
software. The direction of Ti4+ displacement (Ti) was calculated by 
confirming the center of the four nearest Pb2+ neighbors. The direc-
tion of Ps is opposite to the Ti vectors. In addition, it can obtain ion 
displacement and lattice constant. The polarization was determined 
by fitting atom column positions as Gaussian peaks using MATLAB 
software (33). The polarization value (Ps) has a linear relationship 
with the displacement of the Ti4+ (Ti). The calculation of the polar-
ization value in Fig. 4B is completed (34). The calculation formula 
of the Ps is as follows

   P  s   = 1.96k  δ  Ti    (1)

where Ps (C/cm2) is the calculated spontaneous polarization value 
of ferroelectric. For ferroelectric PTO, the value of k is approximately 
2726 (C/cm2)/nm. Ti (nm) is the displacement value of Ti4+.
Phase-field simulations
The 3D phase-field simulations were performed to simulate the do-
main structures of (PbTiO3)n/(SrTiO3)n superlattice as a function of 
superlattice period n and substrate strain. The order parameters are 
chosen as the three components of polarization vectors. The total 
energy density of the system contains contributions from the bulk, 
gradient, elastic, and electric energy densities

  f =  f  bulk  ( P  i   ) +  f  grad  ( P  i,j   ) +  f  elas  ( P  i  ,    kl   ) +  f  ele  ( P  i  ,  E  i  )  (2)

The first term is the bulk energy density

   
 f  bulk   =    1  ( P 1  2  +  P 2  2  +  P 3  2  ) +    11  ( P 1  4  +  P 2  4  +  P 3  4 )                             

      +    12  ( P 1  2   P 2  2  +  P 2  2   P 3  2  +  P 1  2   P 3  2  ) +    111  ( P 1  6  +  P 2  6  +  P 3  6 )                              

+    112   [  P 1  4 ( P 2  2  +  P 3  2  ) +  P 2  4 ( P 1  2  +  P 3  2  ) +  P 3  4 ( P 1  2  +  P 2  2  ) ] +    123    P 1  2   P 2  2   P 3  2 

  

(3)

The second term is the gradient energy density

  
 f  grad   =   1 ─ 2    G  11  ( P 1,1  2   +  P 2,2  2   +  P 3,3  2   ) +  G  12  ( P  1,1    P  2,2   +  P  2,2    P  3,3   +  P  1,1    P  3,3  )

      
+   1 ─ 2    G  44   [  ( P  1,2   +  P  2,1  )   2  +  ( P  2,3   +  P  3.2  )   2  +  ( P  3,1   +  P  2,1  )   2 ]

   

(4)

The third term is the elastic energy density

   f  elas   =   1 ─ 2    C  ijkl  (   ij   −   ij  0   ) (   kl   −   kl  
0  )  (5)

where ij is the total strain and    ij  0    is the spontaneous strain. Their 
difference is the elastic strain. The spontaneous strain is related to 
the polarization by the electrostrictive coefficients

   

  11  0   =  Q  11    P 1  2  +  Q  12  ( P 2  2  +  P 3  2 )

    

  22  0   =  Q  11    P 2  2  +  Q  12  ( P 1  2  +  P 3  2 )

    
  33  0   =  Q  11    P 3  2  +  Q  12  ( P 1  2  +  P 2  2 )

    
  23  0   =  Q  44    P  2    P  3  

   

  13  0   =  Q  44    P  1    P  3  

   

  12  0   =  Q  44    P  1    P  2  

    (6)

The last term is the electric energy density

   f  ele   = −   1 ─ 2      0      b    E i  
2  −  E  i    P  i    (7)

where 0 is the vacuum permittivity and b is the background rela-
tive dielectric constant.

The simulation size of the (PTO)n/(STO)n superlattice is 100 × 
100 × Nz with a grid spacing of 0.4 nm, corresponding to 40 nm × 
40 nm × 0.4 Nz nm in the real space. The (PTO)n/(STO)n model 
(n ranges from 3 to 15 unit cells) contains two PTO layers and two STO 
layers that are alternatively arranged. Because the parameters of scan-
date substrates is unknown, we use STO to simulate the substrates.

The periodic boundary condition is applied along the x and y 
directions. The mixed mechanical boundary condition is applied that 
the top surface of the film is traction free, while the bottom of the 
deformable region in the substrate is fixed. A short-circuit electric 
boundary condition is used where the electric potential at the top 
film surface and the film/substrate interface is fixed to zero. Inspired 
by the periodic dipole wave array in the experiment (Fig. 2), with 
a/c domains whose polarization magnitude is 0.1, Ps is generated as 
the initial structure. All material coefficients of PTO and STO are 
adopted from previous publications (35–37).

We assume that the equilibrium of mechanical stress and electrical 
field is much faster than the relaxation of domain structures. Thus, 
for each polarization configurations, the mechanical and electrical 
equilibrium equations

     ij,j   = 0  (8)

   D  i,i   = 0  (9)

are solved to obtain the corresponding driving forces.
The evolution of polarization is governed by the time-dependent 

Ginzburg-Landau equations

    ∂  P  i  (x, t) ─ ∂ t   = − L   F ─ 
  P  i  (x, t)  , (i = 1, 2, 3)  (10)

We use the backward Euler method to trace the evolution of 
polarizations.
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